Tuned mass dampers (TMDs), in which a reaction mass is attached to a structural system via a spring-parallel-damper connection, are commonly used in a wide range of applications to suppress deleterious vibrations. Recently, a mass-included absorber layout with an inerter element, termed the tuned mass damper inerter (TMDI), was introduced, showing significant performance benefits on vibration suppression. However, there are countless massincluded absorber layouts with springs, dampers and inerters, which could potentially provide more preferred dynamic properties. Currently, because there is no systematic methodology for accessing them, only an extremely limited number of massincluded absorber layouts have been investigated. This paper proposes an approach to identify optimum vibration absorbers with a reaction mass. Using this approach, a full class of absorber layouts with a reaction mass and a pre-determined number of inerters, dampers and springs connected in series and parallel, can be systematically investigated using generic Immittance-Function-Networks. The advantages of the proposed approach are demonstrated via a 3 d.f. structure example.
Introduction
The concept of attaching an additional reaction mass to a dynamically excited structural system for the suppression of its oscillatory motion is among the shown in figure 1b. Popular examples of two terminal devices, which use an inerter rather than a mass, include the TID [12] and the L2 [25] shown in figure 1c,d. A third class of devices is one which uses both mass and inerter elements-an example is the TMDI [9] , figure 1e . In order to demonstrate the vibration suppression abilities of these and other devices, a 3 d.f. structure model subjected to earthquake excitation, as shown in figure 1f , is introduced, with floor masses m s and inter-storey stiffness k s . The structural damping is taken to be zero as it is typically negligible compared with that introduced by absorbers. Note that the TID is more effective in vibration suppression when placed at the bottom of the building, while the TMD and the TMDI are more effective at the top. However, since the focus of this work is on the optimum massincluded vibration absorber identification methodology, we only consider the absorbers mounted at a single location, at the top of the building as shown in figure 1f. Here, it exerts forces −f u and −f l on the upper and lower floors, respectively. The forces are defined as positive to the right on the absorber. Vibration suppressors attached to two floors are usually installed via a brace that spans between storey levels. Inevitably this brace has some compliance, so a brace stiffness k b in series with the absorber and connecting to the lower floor is included. In this study, the structure parameters are adopted as m s = 10 000 kg, k s = 15 000 kN m −1 , and the brace stiffness is taken as k b = 0.2k s in line with [26] . Table 1 . Optimization results of the previous-studied layouts' example shown in figure 1 with m = 1000 kg where applicable. figure 1a -e. The value of the reaction mass in the vibration absorbers is selected as m = 1000 kg for the TMD and the TMDI, approximately 3.6% of the first modal mass. The optimization is carried out to minimize the value of the objective function J d . By selecting the component coefficients of each absorber layout, the optimum value of J d is obtained and summarized in table 1. Note that Matlab is used for the optimization throughout this work, using the optimization function patternsearch to obtain approximate optimum solutions, with the genetic algorithm 'GPS basis 2N' [27] . The solutions from the patternsearch algorithm are then used as initial estimates for the gradient-based function fminsearch for fine-tuning. The convergence criterion for both patternsearch and fminsearch is a certain pre-determined tolerance on the change in the value of the cost function over the iteration. In this study, the relative tolerance is set to be 1 × 10 −4 . Furthermore, to identify the global minimum, multiple starting points have been used for patternsearch optimization. From table 1, it can be seen that the TMDI provides a 42% performance improvement over the TMD and also outperforms the TID, the L2 and the non-traditional TMD with 26%, 43% and 74% smaller values of J d for this example structure and reaction mass. The frequency responses of the inter-storey drift displacements with the three devices, the TMD, TID and TMDI are shown in figure 2, with short horizontal lines indicating the value of J d . It can be noticed from this figure that the TMDI device results in the smallest drift displacements in the vicinity of all three structural modes of the 3 d.f. structure. Note that the responses of the non-traditional TMD and the L2 absorbers are not shown in figure 2 due to their large J d values.
The significant performance benefit of the TMDI over the studied TMD and the inerter-based TID demonstrates the potential advantages of mass-included inerter-based absorbers where all four mechanical elements, inerters, dampers, springs and masses are used. The possible topological connections with these four types of elements are numerous. Hence, it is extremely challenging to systematically identify the most beneficial configurations among them. To this end, a systematic approach will be developed in this work.
(b) Problem formulation
Series-parallel mechanical networks with one reaction mass and any pre-determined number of inerters, dampers and springs are considered in this paper. For the two-terminal networks consisting only of non-mass elements, the network synthesis theory (e.g. [21, 22] ), developed in the electrical domain, has been adopted to facilitate a systematic analysis, making use of the force-current analogy [28] . Compared with electrical realizations, vibration absorbers have strict weight and space constraints for real-life implementations. Hence, it is crucial to minimize the required element number in the mechanical networks. This observation led to the structureimmittance approach [29] being proposed for devices consisting of inerters, dampers and springs. This approach, which employed network synthesis theory, made use of the fact that all three of these element types have two terminals. When a reaction mass is included into the networks, Figure 3 . Absorber schematic plots and their network representations: (a1) a reaction mass with its network representation (a2), and (a3) an inerter with one terminal connected to ground (G); (b1) the TMD with its network representation (b2); (c1) the TMDI with its network representation (c2).
a systematic approach becomes much more challenging, as the reaction mass is a one-terminal element (its centre of mass, figure 3a1).
In order for network synthesis to be directly applicable to systematic enumeration of vibration absorbers with a reaction mass, it is necessary to treat the mass as a special two-terminal element, with one terminal notionally connected to the ground, denoted as a notional-ground (NG). Note it is not actually connected to ground, in contrast to an electrically grounded capacitor which is its equivalent in the force-current analogy [10] . The network representation of the mass is shown in figure 3a2 , with the property that with its value defined as positive to the right. Accordingly, in this work, terminals connected to physical attachments are denoted as physical-terminals (PTs) when considering their network representations. Note that mathematically a mass element is equivalent to an inerter with one of the two terminals physically connected to ground (figure 3a3). However, the mass element has its unique merit since attaching absorbers' terminals physically to the ground is unrealistic for a lot of applications. With the proposed network representation of the mass (figure 3a2), the two mass-included suppression devices, the TMD and the TMDI (figure 3b1,c1), can be depicted as networks, as shown in figures 3b2,c2. By denoting the absorber attachment points 1 (2) as PT1 (PT2) in the network representation, the TMD with one attachment point becomes a two-terminal network with one PT and one NG, termed a '1PT1NG network'. It can also be noted that for the TMDI device with two attachment points, its corresponding network, shown in figure 3c2, is no longer two-terminal, but a three-terminal network with two PTs and one NG, denoted as a '2PT1NG network'. Similarly, the non-mass absorbers with two attachment points, e.g. the TID (figure 1c) are termed '2PT networks'. Note that the spring, damper and inerter elements can be regarded as special cases of 2PT networks, and are termed '2PT elements'.
H(s)
Considering the fact that most vibration suppression devices have no more than two attachment points, our investigation focuses on 1PT1NG and 2PT1NG networks. The 1PT1NG network, represented by its force-velocity transfer function H(s) = F 1 (s)/V 1 (s), is shown in figure 4a , where at the PT1, the force f 1 (F 1 (s) in the Laplace domain) is applied and results in a velocity v 1 (V 1 (s)). The rest of the paper addresses the following two questions:
(1) Given one reaction mass and any pre-determined number of inerters, dampers and springs, how to enumerate all possible series-parallel '1PT1NG' and '2PT1NG' network layouts? (2) Based on (1), how to systematically identify the optimum absorber configuration for a given vibration suppression problem?
In order to address Question (1), procedures to construct 1PT1NG and 2PT1NG ImmittanceFunction-Networks (IF-Networks) need to be introduced. Here, an IF-Network refers to a network layout with its 2PT sub-networks represented by Immittance-Function-Blocks (IF-Block, e.g. figure 4c ). Generic IF-Networks which capture all IF-Network possibilities for given conditions will be identified. Different distribution cases of the pre-determined numbers of inerters, dampers and springs in the IF-Blocks of the generic IF-Networks will then be discussed, to obtain all possible series-parallel 1PT1NG and 2PT1NG network layouts. In the subsequent sections, the 1PT1NG networks will be firstly discussed, followed by the 2PT1NG cases. It turns out that the 2PT1NG case is much more complicated, but can provide significantly enhanced performance. 
1PT1NG network layout enumeration and case demonstration
This section considers the 1PT1NG network layouts with a reaction mass. The series and parallel connections between a 2PT network (represented by an IF-Block) and a 1PT1NG network are first described using concepts defined in graph theory [23] . A generic IF-network is then formulated, from which all possible 1PT1NG networks with a pre-determined number of 2PT elements can be enumerated. Subsequently, a case study is demonstrated where the 2PT elements are specified as one inerter, one damper and one spring.
(a) Connection between 2PT and 1PT1NG networks
While connecting 2PT and 1PT1NG networks is relatively straightforward, we choose to introduce concepts defined in graph theory [23] to describe the processes as they are necessary for the more complicated 2PT1NG network constructions later. In the electrical domain [30] , a graph is used as a general representation of topological connections, consisting of a finite number of vertexes and branches. Here, the correspondence between graphs and mechanical networks is introduced.
For a two-terminal mechanical network with specific connection topology, by depicting each element of the network as a branch, the two terminals and internal connection points as vertexes, the network can be represented as a graph, with a set of branches interconnected at their vertexes. For example, consider a network with only one mechanical element, such as the spring shown in figure 5a1, this can be represented as a graph with one branch, figure 5b1, where two vertexes shown as solid circles correspond to the two PTs, termed the terminal-vertexes. The graph of an example 2PT network, the TID of figure 5a2, is provided in figure 5b2. In this example, an intersection vertex exists, shown as a hollow circle, representing the inter-connected node of the TID. For a 1PT1NG network example, consider the TMD (figure 5a3); its graph is shown in figure 5b3 with one terminal-vertex corresponding to an NG in the mechanical domain. In this way, all 2PT and 1PT1NG networks can be represented as a graph with two terminal-vertexes.
In [23] , the series and parallel connections between graphs with two terminal-vertexes are defined. It states that the series connection is to coalesce one terminal-vertex of each graph into an intersection-vertex of the resulting two-terminal graph, of which the two terminal-vertexes are the remaining ones of the two connected graphs. Alternatively, a parallel connection is where two terminal-vertexes of each graph are connected together to formulate the two terminal-vertexes of the resulting two-terminal graph. Note that both these connection types can only be applied to terminal-vertexes. Based on this definition, we consider joining a 2PT network with a 1PT1NG network.
Taking the graphs of figure 6a1,a2 as an example, we can note that only the series connection is possible, as a parallel connection would necessitate an NG being connected with a PT. The series connection between these two graphs results in the graph shown in figure 6a3. As a graph is a general representation, each branch can represent different elements. Also there can be more branches between two vertexes and there can be more intersection vertexes in a graph. The three graphs, figure 6a1-a3, can correspond to the three general network representations shown in Figure 5 . Example of two-terminal mechanical networks and their corresponding graphs: (a1) a spring, (a2) the TID, (a3) the TMD and (b1), (b2), (b3) the corresponding graphs. Consider the 1PT1NG network layouts with one reaction mass and a pre-determined number, N, of 2PT elements. All the network possibilities can be obtained using the generic IF-Network of figure 7, by enumerating the full class of 2PT network possibilities consisting of N elements in the IF-Block Y(s). To this end, the structure-immittance approach [29] , developed to systematically express all possible series-parallel networks with pre-determined number of 2PT elements, can be directly applied. The obtained structural immittance Y(s) is then used to express the transfer function of the generic IF-Network, see figure 7 , as 
With this transfer function, the optimum 1PT1NG vibration absorber with a reaction mass can be identified for a given vibration suppression problem.
(c) 1PT1NG network case demonstration
To illustrate the enumeration and the systematic identification approach, a 1PT1NG case with one reaction mass, one damper, one spring and one inerter is analysed. From the generic IF-Network of figure 7, in total eight network layouts can be enumerated by allocating all possible seriesparallel 2PT networks consisting of one each of the three 2PT element types (see table 2 in [29] ), into the IF-Block. The immittance function Y(s) is then formulated using the structure-immittance approach to cover all 2PT network possibilities, given by [29] 
2PT1NG network layout enumeration
In this section, 2PT1NG network layouts with a reaction mass are considered. The series and parallel connections between a 2PT and a 2PT1NG network are firstly described, after which a procedure for formulating 2PT1NG IF-Networks is introduced. The generic 2PT1NG IF-Networks, covering all the IF-Network possibilities with a given number of IF-Blocks, are formulated. Using these generic IF-Networks, the enumeration of all possible network layouts is then discussed, together with the IF-Matrix derived for systematic optimization.
(a) Connection between 2PT and 2PT1NG networks
Using the same correspondence between mechanical networks and graphs, as used in §3a, any 2PT1NG network can be represented by a three-terminal graph with one of the terminal-vertexes corresponding to the NG. Taken the TMDI (figure 10a1) as an example, its graph representation can be depicted as figure 10a2, which consists of three terminal-vertexes and one intersectionvertex.
To formulate the series-parallel 2PT1NG networks, the series and parallel connections between a 2PT and a 2PT1NG network also need to be introduced based on the definitions for threeterminal graphs [24] . In [24] , the series connection concept is similar to that for the connection between two two-terminal graphs, described in the previous section. For a parallel connection, both terminal-vertexes of a two-terminal graph and two of the three terminal-vertexes of a threeterminal graph are connected together. The resulting graph has three terminal-vertexes of the original three-terminal graph but now two of these are shared with the original two-terminal graph. Based on these observations, considering the connection of an example two-terminal graph corresponding to any 2PT network (figure 11a1) and a three-terminal graph shown in figure 11a2 representing a 2PT1NG network, the series connection results in the two possibilities, shown in figure 11a3 ,a4, respectively. By coalescing one terminal-vertex of figure 11a1 with the left terminalvertex of figure 11a2, figure 11a3 is obtained, while figure 11a4 is formulated by connecting figure 11a1 with the right terminal of figure 11a2. Figure 11a5 In order to formulate 2PT1NG IF-Networks, similar to 1PT1NG case, a collection of a reaction mass and a finite number of IF-Blocks is now considered. A sequence of steps is introduced based on the work of Nishizeki & Saito [24] , shown in figure 12 . At each step, a sub-network (either a 1PT1NG network or an IF-Block) is connected in series or in parallel with the network formed in the previous step. While such a procedure is note unique, using this procedure, any seriesparallel 2PT1NG IF-Network which can be formed from the original set can be obtained. In the procedure, after each formulation step, we will carry out any obvious network simplification, same as the simplifications we carried out for the 1PT1NG case, for example if two IF-Blocks are connected in series or in parallel, they will be reduced again to a single IF-Block. Similar to [24] , in which the construction of a three-terminal series-parallel graph begins with an empty graph, figure 12-Step 1 is taken as the start. We first consider joining the two terminals, PT1 and NG. Using the generic 1PT1NG IF-Network obtained in §3b ( In order to formulate generic IF-Networks, whether a specific IF-Block exists need to be discussed. To this end, the terminologies removed and present are introduced here. An IF-Block is defined to be removed as its immittance function takes the value of 0 or ∞-the value is chosen to ensure that the included components (i.e. the IF-Blocks and the reaction mass) or any two of the terminals, PT1, PT2 and NG, are not locked rigid and that none of the terminals is disconnected. 
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Step 7 figure 12 ; if it is removed, its immittance function must take the value of ∞; otherwise the NG will be disconnected. For Y 2 (s), its removal must correspond to Y 2 (s) = ∞; otherwise the PT2 will be disconnected. Also for Y 3 (s), we must set Y 3 (s) = ∞; otherwise the PT1 in figure 12-Step 4 will be disconnected. Consider the parallel added IF-Block Y 4 (s): if it is removed, it must take the value of 0 (otherwise PT1 and PT2 in figure 12-Step 5 will be locked rigid). For the series added IF-Blocks Y 5 (s) and Y 6 (s): we must set them as ∞ to ensure that the terminals of the resulting networks (see figure 12-Step 6 and Step 7) are not disconnected. Following the same argument, the additional IF-Blocks added in parallel (series) connection must take the value of 0 (∞) when they are removed. 
, a more straightforward and simpler approach for deriving the IF-Matrix is needed-this is provided and explained in detail in appendix A.
2PT1NG network case demonstration
In this section, the 2PT1NG network case with one damper, one spring and one inerter is analysed. All the possible 2PT1NG network layouts are enumerated using the generic IFNetworks in table 2. The IF-Matrix for each generic IF-Network is derived and applied to the example structure. Significant performance advantages with 2PT1NG network layouts will be demonstrated at the end of this section.
(a) Network layouts enumeration
For the 2PT1NG networks with one damper, one spring and one inerter, we have N = 3. Hence, three generic IF-Networks with R = 1, R = 2 and R = 3, shown as L 1 (s), L 2 (s) and L 3 (s) in table 2, will be used.
Consider the generic IF-Network for R = 1, L 1 (s) of table 2, all the three 2PT elements should be distributed in one IF-Block and the other IF-Block is removed. As a result, in total 16 2PT1NG network layouts are enumerated and to systematically analyse all of them, the structureimmittance approach [29] is adopted to express the immittance function of the present IF-Block. The immittance function is the structural immittances for one inerter, one damper and one spring case, shown in (3.2) and (3. (a1) C (1) (a2) C (2) (a3) C (3) NG NG NG Figure 13 . Optimal 2PT1NG configurations for the one inerter, one damper and one spring case for (a1) R = 1, (a2) R = 2 and (a3) R = 3 case.
12 network layouts can finally be enumerated. These network layouts can be represented by the IF-Matrix L 3 (s), derived based on (A 4) and (A 6) in appendix A, given as
where either Y 1 (s) = ∞ or Y 4 (s) = 0 and the remaining three immittance functions are the forcevelocity transfer functions of three different 2PT element types. These obtained IF-Matrices can then be used for given vibration suppression problems. Importantly, using the method proposed here, all possible series-parallel 2PT1NG network layouts, with one reaction mass, one spring, one damper and one inerter are covered. In addition, by making use of the structure-immittance approach, all the possible layouts can be analysed in a systematic way and by optimizing these using the objective functions considered, the optimal configuration can be obtained across all the network possibilities. In the following subsection, the results obtained in this part will be applied to the 3 d.f. structure example to illustrate the benefits of the proposed design approach. For the one reaction mass, one inerter, one damper and one spring case considered, in total 64 2PT1NG network layouts can be enumerated and covered by three generic IF-Networks, among which the optimum configuration can be obtained by three optimizations.
(b) Numerical application on the example structure Consider the 3 d.f. structure shown in figure 1f. The suppression system is taken to be the 2PT1NG network including one reaction mass, one inerter, one damper and one spring. The value of the reaction mass is taken as 1000 kg, as the same as that used in previous two application examples (figures 2 and 9).
For the 2PT1NG network with each of the four element types, three generic IF-Networks, figure 13a2 , with which the value of J d is obtained to be 0.0102. It can be seen that compared with the TMDI, C (2) can provide almost 30% performance improvement when b = 9.91 × 10 3 kg, c = 4.28 × 10 2 kNs m −1 and k = 2.26 × 10 2 kN m −1 . Figure 13a3 shows the optimum absorber configuration C (3) for the R = 3 case, which gives the value of J d as 0. smaller than that of the TMDI and almost 66% better than the TMD. Also note that C2, figure 8a2 is a network layout included in the R = 3 generic IF-Network; however, the C (3) outperforms it, achieving a 38% smaller value of J d . It can also be seen that C (3) is the most effective vibration suppression device, among all the 64 series-parallel 2PT1NG networks consisting of one reaction mass and each of the three 2PT element types. From table 3, we note that configuration C (3) outperforms C1 with 47% performance improvement in J d . This suggests that the 2PT1NG network, i.e. one which has connection points on the second and third storeys, can provide better seismic performance than the 1PT1NG one (which is connected to the third storey only) with the same numbers of each element type. Figure 14 shows the frequency responses of the three inter-storey drifts of the structure model with the identified beneficial absorber configurations, subjected to the earthquake excitation. It can be seen that rather than splitting the first fundamental frequency into two separate frequencies, both the C (2) and the C (3) split it into three frequencies, hence resulting in smaller values of the drift displacements compared with the other configurations, such as the TMDI. This is because both C (2) and C (3) contain additional degree of freedom compared with the other devices. Also note that configuration C (3) results in the smallest inter-storey drift values of all the three floors in the vicinity of not only the first fundamental frequency, but also the second and third fundamental frequencies.
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Conclusion
This paper presents a systematic characterization and analysis of passive vibration suppression devices with a reaction mass. Devices with one and two structural attachment points were considered, for which a full set of network layouts with pre-determined numbers of inerters, dampers and springs were captured and enumerated. This is achieved using generic IF-Networks to represent the topological connection possibilities of the mass and the IF-Blocks, and the structural immittances to describe the 2PT networks in each IF-Block. By using the forcevelocity Immittance-Function-Matrices, the dynamics of vibration suppression devices with two attachment points can be described and used for vibration suppression problems. A 3 d.f. structure model under earthquake excitation is considered, and the number of inerter, damper and spring was restricted to be one for vibration suppression devices. Optimal configurations were obtained out of 16 and 64 candidate network layouts, respectively, for the one and two attachment point device cases. For one attachment point devices, compared with the TMD, up to 34.8% performance improvement can be obtained. When considering the devices with two attachment points, the most beneficial configuration can provide almost 66% better performance than the TMD and also outperforms the TMDI with 41% performance improvement. Competing interests. We declare we have no competing interests. 
